Series
Let a bethefirstterm, r bethe commonratioand T, be the ™ term .
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If x=1 and a=1,

S= 1+g+%+...+ n__ n1_1[1+2a+3a2+...+na”’l]:%i[a+a2+a3+...+a"]
a a a"' da

a"t a
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a
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If x=a a=1,
S="+2+...+n=n(n+1)/2.

Si=l+r+ri+ .. +r'= —11_:
51+Sz+---+3n1=1"i S 111§ [1—r']= 1 (n_l)_r!l—r”!
n ng ' ng 1-r nll-n4 nl-r) 1-r
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2n _ an _
=2 [r l}+ 2 {r l} ,where r?=1.
r

an—l rZ _ 1 4n-2

Let f(n)=a+bn+c2".

fl)=a+b+2c=2 ... (1), f@) =a+2b+4c=-1 ... (2), fB)=a+3b+8=-3 .... (3)
(2)-(1), b-2c=-3 e (8), (3)-(2), b+4c=-3 . (5)
(B)-(4), 2c=1, c=12 ... (6), (6)4 (4, b=—4 e (D)
6), (M@, a-4+1=2, . a=5. S f(n)=5-4n+1/2)2"= 5-4n+2"",
Sum to n-term = Zn: (5-4r+27)=5n—4x n(n2+1)+ 22n__11=2n -2n*+3n-1

S() = 1+ 1+ X)sin0+ 1+ x +x?)sin? 0+ [L+ X + X +X°Jsin>0 + ..+ (L+ X + X2 +..+ X" Jsin"0

_ 2 _ 3 _ 4 N
1+ 1-X sin@ + 1-x sin®@ + 1-x sin0+...+ 1-x sin"*o
1-X 1-Xx 1-Xx 1-Xx

= ﬁ[(l—x)+(1—x2)sin6+(l—xg)3i”2 e+(1—x4)sin3e+...+(1—x”)sin”’1e]

) ﬁ[(1+ SN0 +sin”0+5in° 0 +...+sin"*0)— (x + x?sinO + x*sin? 0 + ..+ X" sin"* 0]

= 1 Kl—sm ej_x(l—(xsme) J:l where sin0=1 and xsin®=1.

1-x|\ 1-sin6 1-xsin6
If |sin6|<1 and |xsin®]<1, then S(w)= ! 1, - X 1_
1-x|\1-sin6 1-xsin6
_ 1 1-XxsinO-x+xsin6 1 1-x B 1
1-x (L-sinO)1-xsinB) 1-x (L-sinO)Ll—xsin®) (L-sinO)L1-xsino)
Method 1
1 1
3 4 1 i L 1 lv‘ L Lt 1 + 1 ... g E
3 4 — 1 3| 3x4 4 3x4x3 | 3x4x3x4 — a3 3x4x3 3x4  3x4x3x4 —
a 4/b {/a 4/b... =abh>4a®*3p ..=a b =aexp 1_i x bexp 1_i
12 12

4 1

_atipit = (s

Method 2

4 1 1
Let x bethe given expression, then  x=3/a 4/bx = x= :a“b“:(ab“)ll .
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Thereare r termsinthe r"—bracket. The firstterminthe n" - bracketisthe k™ — term of the series
where k=[1+2+..+(n-1)]+1= _n(n2—1)+1 '

Thereare n termsinthe n"— bracket.

Value of the first term inthe n"™—bracket =A=a+(k-1)d= 1+ [ (n2 1)+1 1}2 n-n+1

Sum of the terms in the n™ — bracket= [2A +(n —l)d]x%: 2[(n2 —n+1)+(n-1)x 2]% =n?

. . % - 1 ?( 2 21_n*(n+1)°
Method 1 Sum of the terms in the first nbrackets= > r*=>" il (r+17 —r*(r-17|= 7
r=1 r=1
th o _ n(n+1)
Method 2  Total no. of terms up to the last term of the n™ —bracket=k’=1+2+...+n= 7

' 2 2
Sumof the first n  brackets = [2a+ (k'—l)d]% = {2 + (M —1) X 2} n(n2+ ) ; = (n4+ )

i) 2S;=S5;+S;=Q+n+2+n-D]+[83+(n=-2)]+...+[n+1]=n(n+1). Resultfollows.

n

x+1P-xC=3C+ax+1 = > [x+1f —x]= 3Zx +3Z x+21

x=1

= (n+1p-1° :382+3{M}+n:>82 :w

(x+1)*'-x"=4x*+6xX +4x+ 1= Zn: [(x+1)4—x4]:4zn: x3+62n: x2+4i X+Zn: 1
x=1 x=1 X=: X=!

x=1

2 2
= (n+1) -1 =4s, +6{”(” +123(2” +1)} +4{”(”2+1)}+ nos, =" (n4+l)

(k2 o, (krik(k=1) pp

i) Consider: (x+1)*-x* = (k+1)x*+
(if ( ) ( ) 1x2 1x2x3

+(k+1)x +1

5 e xSt 3 b, UM e S 3

~ = 1x2 = 1x2x3

e e, + Sk BOIMbS L rps, vs,

(i) nSe(n)=n (@<+25+3“+ .. +n"
= R 2@+ [+ 264 339 + L+ [+ 244 3K+ L+ (n= 1)+ n()]
= 1H+[S) + 2] +[SK(2) + 3 + .+ [Sn - 1) + 0]
= S(L) + Sk(@) * ... + Se(n = 1) + [T + 24T+ 3 4+ 0"
= Si(1) +S(2) + ... + SN — 1) + Syia(n)

(iv) (@) Weuseinductionon k.

n(n+1) 1, 1

From 10(i), S,= > =n‘+= 5 =n . .. The propositionistrue for k=1.

Suppose the proposition holds true for any positive integers less than k and let us prove that the

proposition is also true for k.
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v)

(vi)

From (ii),

Sk=—58k,1— k o k(|<—1)S

~ S, (n+1)t-1
2 1x2 ¥t 1x2x3 ©? "

Ck+1 k+1 ®)

—..=S,

Since, by inductive hypothesis, Sx.; is apolynomialin n of degree k, Sk, sa polynomial

in n ofdegree k-1, andsoon.
from (*), Sk isindeed a polynomial of degree k+ 1.

By the Principle of mathematical induction, the proposition istrue VvV k e N.

(b) 1*+2+3+. . +n =An“"+Bn“+Cn**+..+Ln e ()
42434+ (n+) =AM+ +B(n+1) +Cn+1) " +...+ L(n +1) e (2
@2 -, (h+1f =A[(n +1)t - nk]+ B[(n +1) - nk*1]+ C[(n +1)f - nk]+...+ L ... (3
Compare coefficients of n*—terms on both sides of 3), .. 1=A[k+1] = A :ﬁ

Compare coefficients of n** — terms on both sides of (3),

k:A[%}r B[k]:ﬁ[%}+8[k] = B:% :

S4, , can be computed using, for instance, the formula in part (ii). It may also proceed as follows :

From part (iv) (b), S, :%n5 +%n4 +Cn®+Dn® +En.

Putting n=1,2,3, we geta system of equations in three unknowns C, D, E

C+D+E:i, 8C+4D+2E:E, 27+C+9D+3E:§
10 5 100
5 4 3 2 _
Solving, C=%, D=0, E-——~ - 54=“—+”—+”——l:“(“+1)(2”+1)(3“ +3n-1)
3 30 5 2 3 30 30

Using (v), the validity of the identities are obtained by direct checks.

Xn+1 _1
x-1

1+ X+ X2 4. +X"=

o))

Differentiate (1) with respectto  x,

(x —1)[(n +1)X”] —(XM —1X1) _(n+1x"(x —1)_<Xn+l _1) e (@
(x -1 (x—1)°

142X +3x2 +...+nx"*t =

Multiply by x,
X+2x% +3x° +...+nx" = (n+ )X =% )~ (" — x) X = (01X + (0 +2)x N )

(x —1) (x —1f
Differentiate (2) with respectto  x,  1+4x+9x*+..+n°x""
(x —1)2{n(n + 2™ —(n+1)°x" +(n +1) }— 2(x —1){ nx"? = (n + )x™ + (n + 1)x]
(x-1f
(x —1){n(n + 2™ —(n+1x" +(n+1) }— 2{nx™2 —(n+1)x"* + (n +1)x}
(x-1f
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(i)

(i)

(iv)

(i)

—nx"? + (02 +n+ 1™ — (202 +n 1" +n(n+ X" —x -1
(x~1)°

Let s= 1®°+2°x+3*x*+...+n’"*?

(4)

Make up the difference:

n n n
sx—s= n°x" —32 kzxk’1+32 kxk’l—z xkt
k=1 k=1 k=1

S(X—l) =n3Xn _3—an+2+(n2+n+1)x”+1_(2n2+n_1)>(n +n(n+l)xn—1_x_1

(x-1)°
+3(n+1)x”(x—1)—(x””—1)_x”—1
(x -1y x-1
_ x”[n3x3—(3n3+3n2—3n+1)x2+(3n3+6n2—4)x—(n+l)3J+x2+4x+l
(x-1)°
143X +5X 4.+ (2n —1)x"* = 3 (2k—1)xk’1=22n: kx"’l—zn: Xk,1=2nx”(x—1)—(x2+1)(x” _1)
k=1 k=1 k=1 (X—l)
Put x= =, we have 1+§+§+Z+...+2n__11: 1_1[3(2”—1)—2n]
2 2 4 8 2" 2"
1 3.5 7 a2n-1 2"+(-1)"(6n+1
In (iii), put x = - 1_§+Z_§+"'+(_1) ! Ea (9(;“() )
Let S= 1-2+3—4+..+(-1)"n

If n=2m(even), then S=[1-2]+[2-3]+...+[(2m-1)-2m]=(-1)m=-m= —g
If n=2m+1(odd),then S=[1-2+3-4+..-(2m)]+(@2m+1)=-m+ (2m+1)

:m+1: n_—i_l
2

Let S= 1°-2°+3° -4+ .+(-1)""n’
If n=2m(even), then
S= (12-22)+ (32 —42)+ .. +[(2m 1) - (2m)}*]= -1 + 2) - (3 + 4) —..~[(2m - 1) + 2m]

=—[1+2+..+@m)]= - (2m +21)(2m) _ n(n2+1)

If n=2m+1 (odd), then

2m +1)2m) N

S= [1-2%+3 — 47 +..+ (2m -1 — (2m)]+ (2m + 1f =L : om + 1)

_n(n +1)+n2 ~n(n+1)

2 2

(i) 12-3°+5 72 +..—(4n—1f =12 =3 )+ (5 ~ 72)+ ..+ [(4n 5} - (4n —1)]

=-2(1+3)-26+7)+...+(-29[(@n-5)+(4n-1)]=-2[1+3+5+ ... + (4n-1)]
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14.

15.

16.

(iv) 2x1°+3x22 +4x3 +..+(n+1)n’= (k3+k2):z K +> K=

1+11+111+1111+.... (nterms) =

(i)

S= = — - =

- (_g)wxz:_w

n n n n?(n+1)° . n(n+1)2n +1)

k=1 k=1 k=1 4 6

== n(n+1)3n° +7n+ 2):%n(n +1)n+2)3n+1)

10-1 10*-1 10°-1 10" -1 1|, 6.10"-1
+ + +..+ ==|10 -n
9 9 9 9

. 1 1 1 1 1 11 11 1 1 1
(M + + +o+ = l-=|+|=—-=|+|=—= |+t | ——— |=1-—
1x2 2x3 3x4 n(n +1) 2) (2 3) (3 4 n n+l n+1

1 1 1 1
+ + +..+
1x2x3 2x3x4 3x4x5 n(n+1)n +2)

11 1 1 1
2|:(1)<2 2><3] (ZXB 3><4j

*(n<n1+1>‘<n+1in+z)ﬂ %@WJ

(i) Let u = ' , DL ) VS (el
“ (2r-1)2r+1)2r+3) ©o22r+1)2r+3) " 2(2r-1)2r+1)
r+1) (=D r(r+1)2r-1)-(r-1)r(2r+3)

Then v, -v,, =

r

2(2r+1)2r+3) 2(2r-1)2r+1)  2(2r-1)2r+1)2r+3)

_r(r +2)2r—1)— (r—1)2r +3)] flor? +r—1-2r? —r+3]
22r-1)2r+1)2r+3)

22r-1)f2r+1)2r+3)
Hence, Y u, Z [v, v rl]=vn—v0=% ,taking Vo =0.

r=1 r=.

nok' 1¢ 16k*-1+1 1[2 (ak +1)+ i(2k+1) (2k—1)}

S 4kP-1 164 4kP-1 16 24 (2k-1)2k +1)

:i{4xn(n+l)(2n+1)+n+%i (L_LH 1{ n(n+1)2n+1) n+1£1_Lﬂ

6 2k-1 2k+1 16 3 2 2n +1

n(n+1)n? +n+1)
6(2n +1)

0B PrE-1)=rr-0)r+)=0-Dr@r+1[r+2)-2]= (-Dr@r+1)F+2)-2@-1)r(+1)

n n

s:; rz(rz—l):;(r Dr(r +1)r+2)- 22 (r=2)r(r+1)= rz u —22 v,

Let a, =(r—1)r(r+1)r+2)r+3) , then u,:%[ar—arfl]

Let b= (r—2)r(r+1)r+2), then vrzl[br—brfl]
Hence s= UF%Z”: [a,-a,,]- 2xz [b -b,,]

;(n 1)n (n+1)(n+2)(n+3)—5(n ~n(n+1)n+2)= O(n ~1n(n +1)n+2)2n +1)

(i) (FP+5r+4)(rP+5r+8)=(r+1)(r+4)[(r+2)(r+3)+2]=(r+1)(r+2)(r+3)(r+4) +2(r* + 5r + 4)



=+ +2)r+3)r+4)+2[r+2)(r+3)-2]= r+Dr+2r+3)(r+4)+2(r+2)(r+3)-4

Zn: (r2+5r+4Xr2+5r+8)=Zn: (r+1)(r+2)(r+3)(r+4)+22n: (r+2)(r+3)—4i 1

%z [(F+1)r + 2)r +3)r + 4)r +5)— r(r +1)r + 2)r +3)r +4)]
%z [+ 2)r +3)r +4)(r +1)r + 2)(r +3)]~ 4n

:%[(n+1)(n+2)(n +3)n +4)(n+5)_1xzx3x4x5]+§[(n+z)(n+3)(n +4)—2x3x 4]~ 4n

:%(n +2)n+3)n +4)3n? +18n + 25)— 4n — 40 :%n(?,n“ +45n° + 265n° + 765N +1022)

(iii) By division and then partial fraction, we have:

( —1)_[52_3)_3 1 1. 3, 1[ 1 1 }
4rr-1 (4 16) 16(2r+1)2r-1) 4 16 32|2r+1 2r-1

”rz(r2)1”23” 3 {1 1}11 3 3[1 }
r“—— 1+— - ==—x=nn+1f2n+1)—-—n+— -1

- ~ < 2r+1 2r-1| 4 6 16 32| 2n+1

=in(n+1)(2n+1)—in+3—n 1 (n+1)(2n+1)—§n n+1 _(n—2n(n+1)n+2)
4 16 16(2n+1) 24 8 2n+1 6(2n +1)
4 3 2
iv) +2r2 Sl JECI 21 :rhr{ 1 _1}
re+r re+r r+1 r

Lorfrrt4rt-l &, -, w1
R I

r=1

3 2
=1n(n+1)(2n+1)+1n(n+1)+ 1 _qznn +4n +2n+2)
6 2 n+1 3(n+1)

v)

r*+3r+2r2+2 1 1
r’+2r =rel-

r +2r = =

1 { 111 } n(n® +6n” +14n +11)
==n(n+1)+n+ f——=_1|=
2 n+2 n+l 2 2(n+1)n+2)

ot 3t 2t 42 Q n n 1 1
IS ErE

=1+

4 2 2 2
wi) " 1 el o P or+d TR {1 1}

r‘+r rrer e+t -r+) rr+1) © |r+l r
Lot al n 1 .1 n(nh+2)
; r*+r Z‘ - ; {m ?} [n+l }_n+l n+l n+l



