
Series 

1. Let  a  be the first term,  r  be the common ratio and  Tr  be the  rth term . 
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2. If  x ≠ 1, 
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 If  x = 1  and  a ≠ 1, 
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 If  x = a,   a = 1, 

 S = ` + 2 + … + n = n(n + 1) /2 . 

3. Si = 1 + r + r2 + … + ri-1 = 
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6. Let  f(n) = a + bn + c 2n . 

 ∴ f(1) = a + b + 2c = 2 …. (1), f(2) = a + 2b + 4c = –1 …. (2), f(3) = a + 3b + 8c = -3  …. (3) 

 (2) – (1), b – 2c = –3      …. (4),   (3) – (2), b + 4c = –3 …. (5) 

 (5) – (4), 2c = 1, c = 1/2 …. (6),  (6) ↓ (4), b = –4  …. (7) 

 (6), (7) ↓ (1), a – 4 + 1 = 2, ∴ a = 5.      ∴ f(n) = 5 – 4n + (1/2) 2n =  5 – 4n + 2n-1 . 

 Sum to n-term = ( ) ( ) 1n3n22
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7. S(n) = ( ) ( ) ( ) ( ) θ++++++θ++++θ+++θ++ −− 1n1n233222 sinx...xx1...sinxxx1sinxx1sinx11  

 = θ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

++θ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

+θ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

+θ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

+ −1n
n

3
4

2
32

sin
x1
x1...sin

x1
x1sin

x1
x1sin

x1
x11  

 = ( ) ( ) ( ) ( ) ( )[ ]θ−++θ−+θ−+θ−+−
−

−1nn34232 sinx1...sinx1sinx1sinx1x1
x1

1  

 = ( ) ( )[ ]θ++θ+θ+−θ++θ+θ+θ+
−

−− 1nn2321n32 sinx...sinxsinxxsin...sinsinsin1
x1

1  

 = 
( )

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

θ−
θ−

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
θ−
θ−

− sinx1
sinx1x

sin1
sin1

x1
1 nn

,  where  sin θ ≠ 1  and  x sin θ ≠ 1 . 

 If   |sin θ| < 1  and  |x sin θ| < 1, then   ( ) ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

θ−
−⎟

⎠
⎞

⎜
⎝
⎛

θ−−
=∞

sinx1
1x

sin1
1

x1
1S  

  = ( )( ) ( )( ) ( )( )θ−θ−
=

θ−θ−
−

−
=

θ−θ−
θ+−θ−

− sinx1sin1
1

sinx1sin1
x1

x1
1

sinx1sin1
sinxxsinx1

x1
1  

8. Method 1 
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9. There are  r  terms in the  rth – bracket.  The first term in the  nth – bracket is the  kth – term of the series 

where    k = [1 + 2 + … + (n – 1)] + 1 = ( ) 1
2

1nn
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−  . 

 There are  n  terms in the  nth – bracket . 
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10. (i) 2 S1 = S1 + S1 = (1 + n) + [2 + (n – 1)] + [3 + (n – 2)] + … + [n + 1] = n(n + 1) .  Result follows. 

  (x + 1)3 – x3 = 3x2 + 3x + 1 ⇒ ( )[ ] 1x3x3x1x
n

1x

n

1x

2
n

1x

33
n

1x
∑∑∑∑
====

++=−+  

  ⇒ ( ) ( ) ( )( )
6

1n21nnSn
2

1nn3S311n 22
33 ++

=⇒+⎥⎦
⎤

⎢⎣
⎡ +

+=−+  

  (x + 1)4 – x4 = 4 x3 + 6x2 + 4x + 1 ⇒  ( )[ ] 1x4x6x4x1x
n

1x

n

1x

2
n

1x

3
n

1x

44
n

1x
∑∑∑∑∑
=====

+++=−+  

  ⇒ ( ) ( )( ) ( ) ( )
4

1nnSn
2

1nn4
6

1n21nn6S411n
22

33
44 +

=⇒+⎥⎦
⎤

⎢⎣
⎡ +

+⎥⎦
⎤

⎢⎣
⎡ ++

+=−+  
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 (iii) n Sk(n) = n (1k + 2k + 3k + ... + nk)  

  =  1k + [1k + 2(2k)] + [1k + 2k + 3(3k)] + ... + [1k + 2k + 3k + ...+ (n – 1)k + n(nk)] 

  = 1 + [Sk(1) + 2k+1] + [Sk(2) + 3k+1] + ... + [Sk(n – 1) + nk+1] 

  = Sk(1) + Sk(2) + ... + Sk(n – 1) + [1k+1 + 2k+1 + 3k+1 + ... + nk+1] 

  = Sk(1) + Sk(2) + ... + Sk(n – 1) + Sk+1(n) 

 (iv) (a) We use induction on  k .  

   From  10 (i),  n
2
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2
1

2
)1n(nS 2

1 +=
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=  .  ∴ The proposition is true for  k = 1 . 

Suppose the proposition holds true for any positive integers less than  k  and let us prove that the 

proposition is also true for  k . 
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From  (ii) , 
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Since, by inductive hypothesis, Sk-1  is a polynomial in  n  of degree  k,  Sk-2  s a polynomial 

in  n  of degree  k – 1 ,  and so on. 

∴ from  (*),  Sk  is indeed a polynomial of degree  k + 1 . 

∴ By the Principle of mathematical induction, the proposition is true  ∀ k ∈  . 

  (b)       …. (1) Ln...CnBnAnn...321 1kk1kkkkk ++++=++++ −+

   ( ) ( ) ( ) ( ) ( 1nL...1nC1nB1nA1n...321 1kk1kkkkk ++++++++=+++++ −+ )   …. (2) 

   (2) – (1), ( ) ( )[ ] ( )[ ] ( )[ ] L...n1nCn1nBn1nA1n kk1k1kk1kk ++−++−++−+=+ +++  …. (3) 

   Compare coefficients of  nk – terms on both sides of (3),  ∴  1 = A [k + 1]  ⇒ 
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 (v) S4, , can be computed using, for instance, the formula in part (ii).  It may also proceed as follows : 
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  Putting  n = 1, 2, 3 ,  we get a system of equations in three unknowns  C, D, E 
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 (vi) Using  (v) ,  the validity of the identities are obtained by direct checks. 
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12. (i) Let  S =  ( ) n1...4321 1n−−++−+−

If  n = 2m (even),  then  S = [1 – 2] + [2 – 3] + … + [(2m – 1) – 2m] = (–1)m = –m = 
2
n

−  

If  n = 2m + 1 (odd), then  S = [1 – 2 + 3 – 4 + …– (2m)] + (2m + 1) = –m + (2m + 1) 

     = m + 1 = 
2

1n +  

 (ii) Let  S =  ( ) 21n2222 n1...4321 −−++−+−

If  n = 2m (even),  then   

S = ( ) ( ) ( ) ( ) ]m21m2[...4321 222222 −−++−+− = –(1 + 2) – (3 + 4) –…–[(2m – 1) + 2m]  

= –[1 + 2 + … + (2m)] = 
( )( ) ( )

2
1nn

2
m21m2 +

−=
+

−  

If  n = 2m + 1 (odd),  then   

S = ( ) ( ) ( ) ( )( ) ( )22222222 1m2
2

m21m21m2]m21m2...4321[ ++
+

−=++−−++−+−  

= ( ) ( )
2

1nnn
2

1nn 2 +
=+

+
−  

 (iii) ( ) ( ) ( ) ( ) ( )[ ]22222222222 1n45n4...75311n4...7531 −−−++−+−=−−+−+−  

  = -2(1 + 3) -2(5 + 7) + … + (-2)[(4n – 5) + (4n – 1)] = -2[1 + 3 + 5 + … + (4n – 1)] 
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  = ( ) ( ) 2n82
2

n11n42 −=×
+−

−  

 (iv) ( ) ( ) ( ) ( )( )
6

1n21nn
4

1nnkkkkn1n...342312
22

2
n

1k

3
n

1k

23
n

1k

2222 ++
+

+
=+=+=+++×+×+× ∑∑∑

===

 

  ( )( ) ( )( )( 1n32n1nn
12
12n7n31nn

12
1 2 +++=+++= )  

13. 1 + 11 + 111 + 1111 + ….   (n terms) = ⎥
⎦

⎤
⎢
⎣

⎡
−

−
=

−
++

−
+

−
+

− n
9

11010
9
1

9
110...

9
110

9
110

9
110 nn32

 

14. (i) ( ) 1n
11

1n
1

n
1...

4
1

3
1

3
1

2
1

2
11

1nn
1...

43
1

32
1

21
1

+
−=⎟

⎠
⎞

⎜
⎝
⎛

+
−++⎟

⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −=

+
++

×
+

×
+

×
 

 (ii) ( )( )2n1nn
1...

543
1

432
1

321
1

++
++

××
+

××
+

××
 

  ( ) ( )( ) ⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++

−
+

++⎟
⎠
⎞

⎜
⎝
⎛

×
−

×
+⎟

⎠
⎞

⎜
⎝
⎛

×
−

×
=

2n1n
1

1nn
1...

43
1

32
1

32
1

21
1

2
1

( )( )⎟⎟⎠
⎞

⎜⎜
⎝

⎛
++

−=
2n1n

1
2
1

2
1  

 (iii) Let   ( )( )( )
( )

( )( )
( )

( )( )1r21r22
r1rv,

3r21r22
1rrv,

3r21r21r2
ru 1rrr +−

−
=

++
+

=
++−

= −  

  Then  ( )
( )( )

( )
( )( )

( )( ) ( ) ( )
( )( )( )3r21r21r22

3r2r1r1r21rr
1r21r22

r1r
3r21r22

1rrvv 1rr ++−
+−−−+

=
+−

−
−

++
+

=− −  

   ( )( ) ( )( )[ ]
( )( )( )

[ ]
( )( )( ) r

22

u
3r21r21r22

3rr21rr2r
3r21r21r22

3r21r1r21rr
=

++−
+−−−+

=
++−

+−−−+
=  

  Hence,  [ ] ( )
( )( )3n21n22

1nnvvvvu 0n1rr

n

1r
r

n

1r ++
+

=−=−= −
==
∑∑   , taking  v0 = 0. 

15. ( ) ( ) ( )
( )( ) ⎥

⎦

⎤
⎢
⎣

⎡
+−
−−+

++=
−
+−

=
−

= ∑∑∑∑
==== 1k21k2

1k21k2
2
11k4

16
1

1k4
11k16

16
1

1k4
ks

n

1k

2
n

1k
2

4n

1k
2

4n

1k
 

 ( )( ) ( )( )
⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

+
−++

++
=⎥

⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

+
−

−
++

++
×= ∑

= 1n2
11

2
1n

3
1n21nn2

16
1

1k2
1

1k2
1

2
1n

6
1n21nn4

16
1 n

1k
 

 ( )( )
( )1n26

1nn1nn 2

+
+++

=  

16. (i) r2 (r2 – 1) = r2 (r – 1)(r + 1) = (r – 1) r (r + 1) [(r + 2) – 2] =  (r – 1) r (r + 1) (r + 2) – 2 (r – 1) r (r + 1) 

   ( ) ( ) ( )( ) ( ) ( ) r

n

1r
r

n

1r

n

1r

n

1r

22
n

1r

v2u1rr1r22r1rr1r1rrs ∑∑∑∑∑
=====

−=+−−++−=−=

  Let  ( ) ( )( )( )3r2r1rr1ra r +++−=  , then  [ ]1rrr aa
5
1u −−=  

  Let  br = ( ) ( )( )2r1rr1r ++− , then  [ ]1rrr bb
4
1v −−=  

  Hence  s = [ ] [ ]1rr

n

1r
1rr

n

1r
r bb

4
12aa

5
1u −

=
−

=

−×−−= ∑∑  

    ( ) ( )( )( ) ( ) ( )( ) ( ) ( )( )( )1n22n1nn1n
10
12n1nn1n

2
13n2n1nn1n

5
1

+++−=++−−+++−=  

 (ii) (r2 + 5r + 4)(r2 + 5r + 8) = (r + 1)(r + 4)[(r + 2)(r + 3) + 2] = (r + 1)(r + 2)(r + 3)(r + 4) + 2(r2 + 5r + 4) 
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  = (r + 1)(r + 2)(r + 3)(r + 4) + 2[(r + 2)(r + 3) – 2] =  (r + 1)(r + 2)(r + 3)(r + 4) + 2(r + 2)(r + 3) – 4  

  ∴  ( )( ) ( )( )( )( ) ( )( ) 143r2r24r3r2r1r8r5r4r5r
n

1r

n

1r

n

1r

22
n

1r
∑∑∑∑
====

−+++++++=++++

  ( )( )( )( )( ) ( )( )( )( )[ ]4r3r2r1rr5r4r3r2r1r
5
1 n

1k

++++−+++++= ∑
=

 

   ( )( )( ) ( )( )( )[ ] n43r2r1r4r3r2r
3
2 n

1r

−+++−++++ ∑
=

 

  ( )( )( )( )( )[ ] ( )( )( )[ ] n44324n3n2n
3
2543215n4n3n2n1n

5
1

−××−++++××××−+++++=  

  ( )( )( )( ) ( )1022n765n265n45n3n
15
140n425n18n34n3n2n

15
1 2342 ++++=−−+++++=  

 (iii) By division and then partial fraction, we have: 

( )
( )( ) ⎥⎦

⎤
⎢⎣
⎡

−
−

+
+−=

−+
−⎟

⎠
⎞

⎜
⎝
⎛ −=

−
−

1r2
1

1r2
1

32
3

16
3r

4
1

1r21r2
1

16
3

16
3r

4
1

1r4
1rr 22

2

22

 

( ) ( )( ) ⎥⎦
⎤

⎢⎣
⎡ −

+
+−++×=⎥⎦

⎤
⎢⎣
⎡

−
−

+
+−=

−
− ∑∑∑∑

====

1
1n2

1
32
3n

16
31n21nn

6
1

4
1

1r2
1

1r2
1

32
31

16
3r

4
1

1r4
1rr n

1r

n

1r

n

1r

2
n

1r
2

22

 

( )( ) ( ) ( )( ) ( ) ( )( )
( )1n26

2n1nn1n
1n2

1nn
8
31n21nn

24
1

1n216
n3n

16
31n21nn

24
1

+
++−

=
+
+

−++=
+

+−++=  

 (iv) ⎥⎦
⎤

⎢⎣
⎡ −
+

−+=
+

−+=
+

−++
r
1

1r
1rr

rr
1rr

rr
1rr2r 2

2
2

2

234

 

  ⎥⎦
⎤

⎢⎣
⎡ −
+

−+=
+

−++ ∑∑∑∑
==== r

1
1r

1rr
rr

1rr2r n

1r

n

1r

2
n

1r
2

234n

1r

 

  ( )( ) ( ) ( )
( )1n3

2n2n4nn1
1n

11nn
2
11n21nn

6
1 23

+
+++

=⎥⎦
⎤

⎢⎣
⎡ −

+
+++++=  

 (v) ⎥⎦
⎤

⎢⎣
⎡ −
+

−+=
+

+++
r
1

2r
11r

r2r
2r2r3r

2

234

 

  ⎥⎦
⎤

⎢⎣
⎡ −
+

−+=
+

+++ ∑∑∑∑
==== r

1
2r

11r
r2r

2r2r3r n

1r

n

1r

n

1r
2

234n

1r

 

  ( ) ( )
( )( )2n1n2

11n14n6nn1
2
1

1n
1

2n
1n1nn

2
1 23

++
+++

=⎥⎦
⎤

⎢⎣
⎡ −−

+
+

+
+++=  

 (vi) ( )( ) ( ) ⎥⎦
⎤

⎢⎣
⎡ −
+

−=
+

+=
+−+

+−
+=

+
+−

+=
+
++

r
1

1r
11

1rr
11

1rr1rr
1rr1

rr
1rr1

rr
1rr

2

2

4

2

4

24

 

  ( )
1n
2nn

1n
11n1

1n
1n

r
1

1r
11

rr
1rr n

1r

n

1r
4

24n

1r +
+

=
+

−+=⎥⎦
⎤

⎢⎣
⎡ −

+
−=⎥⎦

⎤
⎢⎣
⎡ −
+

−=
+
++ ∑∑∑

===
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